ONTT-I¢
Sets omd Deletong
Pelations
Intvoducton: -

| The elements of a set may be velated o one
amothey: for example, 'n +he set of notuval numbers
theve Ps +the ' lecs 4ham ! velgtion bedween +he elements.

The tlements of one set oy also be Yelated o +he
elements anothey get, |

(_B?ncﬁ“@ Lelaton
(A binary rvelotion between fwo setsh omnd

B % o vule R  whith OI?deC’S*“ﬁOYOﬂa elements, |
whethex e - T i vyeloton R 4o k- if g6, we wyteq
inf i+ ce not in ~velobon R tob, +hen we shall
%un?Fe a/R b,

le con also considey c R b as he ovdey pd
RAIT (b)) n whith case we am defne a binay

Yelation  fom A to B as a subset of Axp , This
Subset s dendhed b& “+he Yelatiop,

In ﬂenewrod omy set ot ordeved paivs defines o
fb}nonra YelcHon |
Tor example, +4he velaton of father 4o his child 73'}
(F= ftarb) o Ts dhe father of B in 7his veletion |
~ +he fivst member 15 +the name of +he fedhey and
+he second s the nome 07~he child he definkion
of veladion pesrnHs omU Cet of oiderd paivs + define
o yvelahon. |
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i
For examp le : the eet S given ba

8=1 D, (3,00 , (b, 1b, Joe)
De.ﬁn?‘ﬁ(‘)ﬂ

The domaln Dot a blnary Yelation < 18 Jhe |

86F of all +vst elements of +he ordeved pa’ys fn

the velat on (ive,) O13)=4{a/3b-toy whirh (Ga1b) (s}

The vange R of Q b?nqwr? velaton & fg
the cet of ] séwnd elements of- the ordeve
paNe in +he velghon (f-e)Risy=
NCTONE
—for example
Forthe veloh'ons = £¢2) H(3,0) (6,00, (b, Jo €)Y
D)= {712, b,6} and

Q(g) :{Z’O'QI Joe}

et X and 9 be G’Y\a o cets. #H subset of

%"fhe (erftestem produc+ X*‘f def'nes a velgHon,

el L. e any Suth velation ¢, we hove p¢e)
IX omnd RLOTy ond the YelaHon ¢ is gaid +,

Hom X o . T£ y=X, Jhen C is aid Hp be q
velahon form x 4o x
a velation 'n ¥, Thug an
of ®%&X . The st x# x {3 called o onivevsoa/
velebon Tn X, while Jhe em,p-hd set Whith isalsy
a subset of x £ x I8 callpd a VoI velotion in X.

Th such case . ¢ is wlled

Yelelon jn x s a subgel

|
i

LU~ — P 4 - )'LUE

|

|
|
!

{b /$O fou wh)"(o_



|
for example

doet & derote Hhe velation "lecs thah ov
qudl 0" end D dénote Jhe ~elation.

" devides” wheve x Dy means g ﬂ:'vi‘dpsy{'
Ragth L ond D aye def?npd on the set§ 1,2,3, 4}
L.:’ -E{‘ll)r (’['2) /(h%)} (’[u )) (2[2)r (2[3), [YIU)’ [3[3)/ (Spu)[“’ft}ﬁ
D= 1’["‘) (L2 ) 1 t13), (W) ) 202D (24D, (313), lu,u)}

JCD = {(r(l);(lz'l);(lf%),(l,u), (2,2), (2;4), (3,3), (U,UJ&
-:])

P opehies of Bincwa Lelahons

thLnnrhOm W b’na'fg velation £ 'n o et :5'Yeﬁe‘nvc

?n‘ fo Wewd XCX, &Ry That is (k%)L @, vPig
wellexive in x O txeX R xRyx),

—ffﬁ grample
|

— The Yelaton F is veflexive Pn Jre SH'O'{-YEQI

NuMbeYs,
| — “The <et indusion s vefkxive Tn Jhe —fom?)((] 075
all subsete of 0 Unfvevsa! cet. |

— The ~eleHon equa)H-a of set 18 aleo TP'HEW?W', i

= The velation s povallel in dhe cet lines in
a plame . X

~ The ¥ elethon D7L S’ laYHa N the sel- ol
*ﬁcmaleg ino plone 18 ved[exive,

UM y-2 -~ \DCJ =5 /‘LC’

[



l
Definitions - veletion n a et X s S&O-,mmphic 2

i for e‘f@fa K andy in X, whenevey 2 L &,ﬂhm?
Y R (ie) R s sgmmph?c n x b(x) [y)(,eéx n |
‘d(‘ X Ny Qy Y Rx)
0¥ Exomp’(’
— The velation af;uc})?ﬂ'? of set is g,\immeh:“( |
— The ylaton of sf’m?avﬂy in ~he Set of- |
'HIOD@’PS n Q PQIZ'!WE s sammpﬁ;(

— dhe velation of being a gigter is not Sﬁmmdwc

n e sef of all people
. — thwever, in Hhe geF femoles it Is s(ymmemc

De-{—mrhon, CDQ velotion L n a get x 1s hangn‘ne
'l{; for ev Xty, and 2 arve in X whenevey ny
lofnd 70z . dhen xPz (ie) R 18 HNonshHve Tn

)( ocx)(a) (2) (x ex/\a ExNz gx e Ry" 1 @2p X Py )
%o-r exermple -

F
i

— +he yelahons <, &, >, and = ave famsiHve
in 4he set of veal numbey

- The Yebkdhon L1, £ £ omd cq,uowy ove olep
Fareitive in 4he -Fom;(d of geta

— The velaton of simPlovily inhe set of
Monales na plane s fvanaive.

Lok -2 ‘)) Lt/LO



DePrtons— A velakin £ fn o st x s frveflexive
.'7[ | For evera XCX, (x0x)

Joy examp/e

} The velotion < ® Prreflesive 0 Hbe set of all yeol

- numbeyq - |
._ The ~elaton pYopey indusPon s Srvedlexive n
the set Of all mnemp? subsets of a vNiversal et
— X = 1tz 3y and §=5 (tD,U112),03,1),12,3),
(23 ¥ pecthey  &veffexive nov Yeflexive,

Defrfon:- 1
A veleton £ tn a cet- x & on? Sammﬂ‘nq

z{ for cv x omd y in X, whenevey . xRy
Ec:mcl y @ x, -then X =Y.

| Sdmbohcal‘azht)[a)()fé)f" yeX e Ry Ny Pr@ =

i
|
|

—‘FU\’ exermple .

ﬁ)

— The veloHons £,*and = ave anH Sgmmety ic

SUBSE‘[‘Q;
— The ~elation " divides!" s ant’ Sﬁmmm‘wc

| in set of Yeal Nnum bevs

4! B (OﬂSlQ[(N ._,he Yeﬂa{—,on " e G Son O‘/ on Hhe n')O)(’

childven in a "Fom'ig Evidently, +Hhe velotion is |
| oof sﬁmmehfc, ~ansiive ond Wgex?\/e‘

“" The velation “is a divisoy of " is veflexive |
ord Hsansidive bat not Sﬁm;*neﬁ;c oy B gekal |

1 nctuyal NnumbeYs - ;
v b-2,99 ~ S/LO



— wonoder the set H of all human bﬂofé p+ 99
T be « vyelation " ig moied " o s ngm#f/lc

,__d\d— T be dbe set of tr)'H’ﬁeYS Ron T fg definad
aS a R b lf- a-b Js om even ﬂumbPY,ngcm.
veflexive Qammf’h!c ond  wansifve,
feq/uivaltn[e Lelerfion
Definition i A velation £ in a set-A fs called om
§cq}1?valenre velerhon H-
| * a Ra foy every e, T8 yelfoyive

s a0 Rb = b L a cvev(u]L Otb A j.e.Rig

Qammpﬂfc

° A Pbany brecaDa R "ILOT €V€Y(70}b/6€;
| A, ie RIg NangiHve, |
E—Tiof example
| ¢ The welolisn eq}LaldEf of numbevs onseﬂ},t

vec! numbeve .

« Tre ~elerHon befna pavolle | on ¢ set of /,~m,5:
ina plone, |

sproblem 15 lek us oneidey theset T of s crf@ks
ina plemne let- vs define aYelation @ in 7 g s
| |
$a;b) Jte b £ T omd a is gimilay o b} we |
bave 4o show -that velation 2 is an equivalence

~eloHon .
solution

» @A '{ﬂ‘anale a simsilay +4p Heelt-. 4 R a J

Uy k- z"'ik\x 6 ZU

!



i
— T4 he %ﬁarﬁie a & ssmilay 4o Hhe —hr;m—,aze b »
~then 'chma!ﬂ bes strtlay o the 'Mcma}p a then
o £ b3 bRQ

— I a i3 Smdlay o bomg b P SPMAY H ¢,
then a ig simdlay o ¢ (1.e) o rb and boc SHa L,

Roblem 2, &t x= §1,1,3 . . Iy and es
ib"a‘) /X =¥ 15 divigible b@g} Show +hat YP/Orhon

1S amn eguivalence ~elation
Soltton | for any a ¢ X, a-q is divigible bys,
| Hente ala, L s Yefleyive .

oy cma b &x, L oab s tyisible bys
| dhen b-a is alsp diyajble bﬁg
L is SUmmf“Hrcf

.ﬁoq ama caibiC &,if0 Pbondb D¢, +hen abig |
divisi ble 5(73 and b—¢ is divigible 6& 3, $0thot- |
(c-bd ¥ (b—c¢) ic alep divigi ble bﬁe. hence a—¢
ifale,o divigible bﬂ 3y Thus LR is waneitive

. tence P 18 equivalence,

:pmblems et 2 be Hhe get gl Thtegevs. ler |
m be a firxed Mmtegev. Two n msacmdb ove
cgaid 1o be Cor)awuf’n& modu lo m ;76 and oply £ m dlwdﬂal
a—b in which toge we wyite a°sk trmod m) .« This |
*mahon 18 led dhe velakion af- 1

m and e com ghdw +ha- s om
elohon

ngYuence modu!o
cg ulvolencs

L\W"{\ l» — g/PfO ’?/U) i



Soluhon
.~ g-0=0 mdm divides a-aliedaRe,
QDER veflexive .
e aRb =m divides o-b
™ divides b-q
- b" atmodm)
Hhat is Ris symmeic, |
%o QR bond bRC => 0% tmpdm) and boc(lmd:
e am divde§ a-b ond ™ divides b-¢ ™)
‘o (a-k+b—)= tm+dm |
e Q—C=(p+1DM
E ¢ 0° {modm)
. a R ¢

°r R g g najhve .

—Hence the ongTuence velotion s am eguivalence
YelaHon.

|

i
grgclu'w lence closses”

4’;.+ D bean eguhvalence veletion on o cet#, ;
,[201 oy a (A he ec?/ufwlf'ﬂfe class @fnwo#’d |
qu a 18 ~he set of all elements b ¢ A such |
a b end 18 denoted o, T+ i3 alas colled Hhe |
Q - equivalence c¢lags and denoted btd athn, te. |

Say={b (A [beqy

i b -1-09g ~ %)10,

%)



| let = be +he cet of !‘ﬂJrE’aeY ond <0 be The velation k3

talled " rongyuente mModyls 2"
d

defined ba = [xra)/x:r 2 g1 00y ls divisib/eiﬁs}
~ Then he ec]/u‘fva’mm elagses ave

=1~ -6:=3,003,0,...9
[[J:“{'“"‘“'“'—g—'/‘“!?r’ru)"—',(,-\,“}
)= f“*"“l -—14,-1,2_,,3‘*-,8/ - - X

(omposgition af binamd YeloHong .
Dedintion

det L be avelaton fiom x vy and ¢ be
a yelotion frormn Yoz, “4hen -pe yelotion @ ps g
8Nen bU RoS =Fexi2y/x1X U 2120y cuth +ha+ mU)?

1oy C‘[l‘l‘)fs)j 18 alled +he tomposite velak on of
R and g .

The opevabion of obJrainina R 08 in colledhe
omposHion  Of veleHong,

Bxampler det @ =L01125,13,uy (2, 2D} andl
| 8= ¢ LU L2534, 1) Y
—hen @oS=§ t1),13 2, (2933 an o

SOQ:f(U:?JIBIZ)/(”V)J'
15 0 be noted 4hat @ 08 £ op.

%@0,50 Ro(SoT7) =(e0%)0T= ©ogoT

Note! we write R oR oy R2, RORER B L3 and
80 on.

b\'\.’IA}—"’,'[,}'\iLJ — 9 /w



E'DC—fmrH’Oﬂ
| 4t € be a yelation f~om X o y. avelonin
Q fom Y 4o x w called “+he tonvevse of R, u)herc
+he ovdeved pafrs of P are obtalned bff ?ﬂﬁtha‘?f?

the numbevs N each of the cvdeved PO ot 2,
' This means fox xIX and al / +hat XPy O yex.

Then he yeloton £ g 8:ven b
5 ey % calld Hhe onverse ot 0
—Example!
et Q=f£l:l),£3ru)tf9122}

7 Q={(x;a?/((7xx)?

“then e - %tzm wxa),fz,Z)} |

OL[QO an €%U)vc¢)€n(a Ye lotiop, |

?Dﬁ‘Fﬂ'\l'hOﬂ C[—b{' X be aﬂg _,[_;n;_,_e QP'IL and © 6(!0( s
E*refcn‘w‘on n X- The velaton .

|

; P+ =R0e2UR2 .. INX,13 rollad the '/Yang;hw{
c!oswf of 2 inx.

F?cam]vle, et R=1ca:b), (b, o), (Cra)y

| Now Pz~ ROR = £(01&) [ (bra), (0/6)}

| 0z = 2,00 :{(afa); (b; b, ((,[)}

% Qb[: Qson:{[Q[b)l (bf()![[la)}:ﬂ
Cs = @300z 02 ang 59 on,

ThuS, R+=RUpruRr3ueup._

. {
=ROP2zyR~>, :

= Qih)lbo ), Caa), ta, (), byay, (t1h), fb:b)

ece C )j
7

| we see that p+4+ 8a Handitive velat on Ol
Q: In fack, #+ s the anmq/lesk ﬁaﬂS‘IHv Yeltrk o

Lm\k 2,8 - IC710
t(‘)n+0m|nca =

33



;Pq-rhocz} o-rdeﬁna Relations *, -

DefiniHon 3 —
| < b?nmaL velotion © 'n a set P R called
pastial odey velation oy partal Ofola‘r?nﬁ in p i+
D B yeflexive , onf SUmmPHPC, and tansitye

A povtial ovder velodion js depsted [3?7 +he
Sgmiol € € T a pottal evdeyi

| NG on p-4hen e
oldeved poPy (p,e) 18 wlled o pmfh«a% i ’
oY G pPoSet

— et L be Hhe set of veal numbers, The velation,
" less tham oy equal fo'ov o, is o povtic ovdpy
on K, ?

—dat X be a set emdu(x) be s pouver sot, The

velaton subget, | on X fa PaYHal ovdeyin

— et Sn be the set of dNsors ot n, Th?

velaHoN D means v divides * on Sn, 18 PCﬁ"HOJ

e)wtcle*ﬂ‘na on S$nN.

In a/pu%"o”(«f ordeved set (P, &), a0 el
y 1 p % od{ o cover om element x TP it <,7
ard W theve does not exist omy element 2z 1@
suh “hat X €= ond z ey Jhot ‘?5,3 coveYs X
v (Xéﬁ UX€zZ EYP x=20 %-—wd))

p@f%ﬁ oxder velertion & on aset Pem |
be Yc presentsd by reons of a diagvam known as a
Haosse diagram ov povtial ovdey et d:na-rorrn of-(P,€)
' auch o diagram, cach element s Yepyesented bﬁ
o small civcle oy a dot. The civele fox x 1P g
dvown below the (vcle Hor aIP o Xéag ano a line
B Nown between X ond 7 iE y OVEYS X

4

b fk—'v,,\""f") "“/ZO 1



¥ xcy but ¢ does not over X, then xand
ave no+ COﬂaf’(-}-prJ d?ﬂ’m‘[a bU Q S?FJ@/&’ lire tHhwevey
*fhea are ©nnetted -fhmuah one ox move elements 0P

-H’QSSC’ D?g%mm .

G(] ~Hosse chaamm 15 q Uli"@mp}\ for a poset-
which does not Y have loops ¥ and aves implied
ba +he Hansiﬁviﬁ(].

—frample 101 for 4he ~elation fea.a7 y<cabv,<any
<b b7, /b,c . EC 7} on Se+t+ qublfj r the hocssr,c
dbﬂmm has -he Aesfea, by, ¢b¢7Y a
shown below.

({

a
4
/

Q
b@f" e - C C

e tlasse Dfoavam
CDt’ﬁYaph fox periticd

(Noley
tx:dt A be a 8?ven fenite set and Y (A) s
gpowew set. Lot T be +he subset velation on the
ielemefﬂ-s of Y(n), D¥aw Hosse Qh’oayam ot
(¥(ANI) fo¥ A={aib, (]

binitk-1,09 - /20



—funchons ;

Ttvoduehon

(A function ts a speclal

™ ma

ED ¢ :‘y

—,

e I

+Upc of velation.
be congideved a8 a yelation n which each
elomen+ of “he domain belongs o on

one ovd eved

pafy n Jhe Belation. Thus g Function from P WA

% o subset of A X8 havin

~he pmpeHU +hat fov eadh

o A, there s one and onfa 0Nt b (B suth 4he (0,65,

DefiniHon

det A and B beaﬂd —wo sets A velation £ fiom

h 40 8 s wlled a funchon i Hor every Q. ¢ A-here
13 0 onigue ber suth that caib) £p.

Note that the definition of funttion Yeg uives

that oo Yelaton myst

condiHons in ovdey 1o ciuc:li

sty oo additiong
s a fund-on

The fivs+  ondition e That evevy @ ( A
must be  velated o some b ¢ B, (1-e) “4he domain

of + must be g e NHt+ Mevel

g subser of p



|

~the second w\eqfuf’wemm-} of vnigueness @
be expvessed as carh) € FN(bi¢) ef—) b=¢
Intutively , o funcion Fom a set A Jo o et B g
o vule  cohich OSSr‘ans —+ eveTa elem ent of A, g
unigue elemert of 8. if aca, 4hen -he Lnig ue
elernent ot B ass;‘aneol fo a vndey + is dengtey

bti f o). The vsval notehion fov a functon f fom,

fr fo B is £~ A@ R denoted by « p £ (a) wheye

o ¢ A Fea) is called Ahe f’moﬁe 0f A Undey Loy
o g called pre ‘fmaae of ficr)

Hi&x:‘jte on ol 13[1)>7CL+2-QF=QGT7(J

R AR
— ot x ke Hhesetof all stetments in ’oafc and
let y =ibue, Falsel .

A mappu'na F X ®yis a functien

— progvam wvitren 11 lpve/ [anauage s

mapped 1o a machine lcmﬁuqae !aa & ompiley.
similmla the owtput H0m a compyler is o fundion

O‘fi"rl“S lknplﬂ"-
= CLL"' ?(-:\f:: L and -F(‘)() = X3 1S O ’IEuanOﬂ‘ﬁfom‘
?(@‘1 ,a’ﬂd %(KU =X 18 ot o «Fur)(-}-,‘On 'f‘me X @ y

(N mapp?na . A @B is called ONe ~49 -one
Cinjechive v t=1) I distind elerents of ave
mapped  into dishin et elernents of 8 - (e 4 I's
one -to-0ne H-

PRVt ~1,%9 /!q/u,



. mapeing - #@ 8 ts culled one~1o -one

ar=qQz=ytcal )=L(az) OY eq/uivelen%fa-ﬁml‘)'
fw@) =2 al'az
for example . £- N @V 8f'vm b@ fex) =x 18 19
wheve N 18 +he set 0t a netuval Numbevg

@4 mOIPpl'na +\ @@ s called iny 1 £
Loy evey b 6. Jheve 18 an a £A gurh +hal )

-8 le. & every element of Bhas a pre-image
' in A Othevwise it is called into.

Fov example 'FK@ R 3,\@ bﬂ fordy=x+113 bijerhve

rDe-ani-Hon; < mOPPFnﬁ t: e@®b is wled a
Onstornt mapping . dor qll alf {@)=b,0 Gxed
element.
Lot example f:z@z 8|'ven bﬂ L0x)=0, Ffov all x 17
s onstant momm’ng.
Definrtion

oA mppina < A@n is alled -the ?demh‘g
wopping of A it +(a)=q, fovall aIﬂ,usm//Ow
Hois denoted Aa Iﬂms?mp)vl_

Tefniken
% mOPPiﬂa L Ae

Wik -2, Py - 1(/15;»



(omposition of -funthions

. :rjhi: AB® B and 3 v e@®¢ oYt T +fupcons
en -1he omposhonN ot Huntions £ an dg , dendted
laa 80#, 19 ~the Hfunction is 8iven ba a‘o*f 1 A@¢

ond 18 8;\!9” bU
ﬁc)* =fac)/athn ec g br 8'; 4ra)=b1t)
and (8016)0:():- (t$ca) "4
Trample 1,
(onsidey —the sets A= 1,7,3%, B={ab}
ond c:{xrcdg,

dot L4 Ap8 be defined Eﬁ te)=a ! L=b ond

£(2)> b and
det g e © ¢ be defined bﬁ fy(o0 = Kcmdglb):y

et fenadilarb) i B3y emd ﬁ={(a,r),rb¢j)} :
Theo de% A EC tsdifined Bﬁ

cﬂo#)u):a(ﬁ(“)rﬁcahx
(80%) (z):a ({-(z)):_a (b):a
caoﬁts):ca (#6))=9 fb)—':a

ve ot = Jeuxd (L Gy}

¥ £ ABA cmdamq@#, wheve A=F1,2,3%,
aye aiven btd

*F::%[l[‘l)l(?l;)lfgr')} Qﬂd@:i(f, 3)!(7(2)1@;”]’

'L«\Vl\‘\_ - 2/ PCJ ] l L:/ZO



then gof = £ (i 201, (2,873 f-Foa =301 (73,82}
Fof =§ 3 (11 (3,20 omd gog=2n)r(2233,3)3

TF=ample 2 & let £(x)= Ktz §lx)s¥2 and b (=2
fov x IR, wheve Ris Hhe get ot vea ) numbers.

dhen  Hfof = f(xi¥14)/xT e}
‘FO&—*{[X(X)/YIX}
ao¥;{cr(x)/r1x3
80@ = (X X-4)/x I x}
hog = §6x3x-4)/ x T x}

| hot-= §(x,35+6)/81x}
Jnvevee funchons ! -
dt £1 A@B be a mne—to-one and onty

mappin?w Then, ns invevse, denoted b@ =1 18 given 53.

£-1={tb))(ab)x F} Cl@mﬂa 11 B ®A is one—toone
o oy, |

Also we observe hal F0f 1 = 18 gnd ¢ -gp
£ = th. f t2 existS Fhent is called inveyHble ;
Lox exmnpie:éﬁ% {; POR be defined bﬁ flx)=x+2 ‘
Then f-1 1y 2 @R is defined 5(7 f-1(c) = x5

Thepvem! Ot 4 X @ 7/ ond q 7@z be fwo

one 4o one ond onto funehons, 7’0608044 rs also
one o one ord onto Lunckon .

Uik -9 =Py - 1’%/'?,'0



Proof
At {:m@yaﬂ/@% be -wo one o one To

ond 0mo Htunctions leL xJT,x21 X
- Z]O’E(“):ﬁc = (x2).
: 8({’_(“3):8(4’(&))»
o 8(“):—(6(){2) sinte [ is |-1]

x| =Xl Since [‘a Is |-t}
s 0 het ﬁ()-ﬁ s [-].
bU the definition of conposi fion ,8:)#: Xz i8q
funthon e have -fo prove “hat eve\r«d element &%
Lf\[% omn Image f’lemen-!- Foy some KIX UﬂdPYﬁUF,
SHalis 8 ts onty 9 af‘y‘ ',8(21):% ancl £ is oo TYom
1 —kna :
é}; ').( }X .'|‘F(\?C)::(df
~ow ao%u):a(ﬁ(x))
= a(&(f [sfmeﬁ(f):ﬂj
=X [aince 8(ﬁ ):-}J
which ehows +hat aoﬁ is onto

-[hEO“mm [aa'ﬁ)-—l -—;—F.-log_al

Cire) dhe nvexse of o (omposPte Ffunction am
bo egpvessed tn tovyms of -the (OmPOSrOHOr) of the
LW evses Inthe Yevevse Ovdey

Loy b2~ 05 I‘Z/zo



oot
2406 % one o ore and ol
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